Abstract. In this paper we construct minimal cubature formulae of trigonometric degree: we obtain explicit formulae for low dimensions of arbitrary degree and for low degrees in all dimensions. A useful tool is a closed form expression for the reproducing kernels in two dimensions.
Introduction
This paper is concerned with the identification and discovery of cubature formulae of trigonometric degree with the lowest possible number of points for the evaluation of integrals of the form
A trigonometric monomial in the variable x = (x 1 , x 2 , . . . , x n ) is a function of the form f : R n → C : (x 1 , x 2 , . . . , x n ) → e 2πiα1x1 e 2πiα2x2 · · · e 2πiαnxn , (2) where α 1 , α 2 , . . . , α n ∈ Z and i 2 = −1. The degree of this monomial is n l=1 |α l |. The set of all finite linear combinations of trigonometric monomials is the space of trigonometric polynomials, denoted by T n . The degree of a trigonometric polynomial is the maximum of the degrees of the monomials used in the linear combination. The subspace of all trigonometric polynomials of degree at most d is denoted by T n d . A cubature formula . We are interested in cubature formulae of trigonometric degree d for which the number of points N is as small as possible.
As in the study of cubature formulae of algebraic degree, a useful tool is the reproducing kernel (see §2). The important feature of the reproducing kernel is that it allows minimal cubature rules to be definitively characterized. The concept of "reproducing kernel" was first used for the construction of cubature formulae of algebraic degree by Mysovskikh in 1968 [5] . It has been applied to derive properties of cubature formulae and to construct low-degree formulae (see, e.g., [4, 6] ). It was again Mysovskikh who introduced it into the field of constructing cubature formulae of trigonometric degree, in 1985 for the one-dimensional case [7] and in 1990 for the multivariate case [10] . The use of the reproducing kernel has been limited because no easy expression for it was available, and perhaps also because for the algebraic case the lower bound to which it is related is seldom attained.
A key result in the present paper is a closed-form expression for the 2-dimensional reproducing kernel. With the aid of this expression we are able to find new families of 2-dimensional minimal formulae of odd degree. Interestingly, for d ≥ 3 the cubature formulae contain a number of real-valued free parameters (see §6). A consequence is that we are able to construct 2-dimensional minimal cubature formulae which are neither lattice rules nor translations of lattice rules. For a discussion of lattice rules see [18, 19] .
We conclude this section by collecting some known results concerning the dimension of the space T n d and related matters. Let τ (n, d) denote the number of monomials (2) in n variables of degree d. Using combinatorics, one can show (see [8] ) that
with τ (n, 0) = 1, where we have used the convention 
Proof. A combinatorial proof is given in [9] . A proof by induction is given in [1] .
Theory
In this section we cover the present theory. Much of this theory is well known to Russian authors. A side effect of our effort to make this paper self-contained is that these results now become more accessible. We have provided some shorter proofs in places and included some links to the better-known algebraic case. This theory is needed as background to our new result in §4.
Let
2 ). An important role is played by the t(n,
Because the product of two trigonometric polynomials from T is a polynomial of degree ≤ d, demanding that the cubature formula Q has trigonometric degree d implies
which can be written as
where M denotes the Hermitian conjugate of M and I is the identity matrix. 
.
Proof. Since the rows of the t(n,
This almost evident result was given by Mysovskikh [8, 9] who also derived the corresponding result for the case where the integral (1) contains a general, nonnegative weight function. The resemblance with the corresponding result for cubature formulae of algebraic degree, whose history can be traced back to [14] , is striking.
The following theorem appears as a corollary in [1] . Proof. The hypothesis makes the matrix M in (4) square, and (6) makes it orthogonal. Therefore its columns are orthogonal:
Let j = j . Then (7) becomes
, then f coincides with its Fourier series, so that
The reproducing kernel K(x, x ) plays an important role if d is even.
Theorem 2.3. If d is even, a necessary and sufficient condition for points x
2 ), lying in [0, 1] n to be the points of an equal-weight cubature formula of trigonometric degree d is
where N = t(n,
Because M is here a square matrix, this is equivalent to (5). Because d is even, (5) is equivalent to the statement that Q is of degree d, since for d even every trigonometric monomial of degree ≤ d can be written in the form e
Example 2.1. The 1-dimensional case.
In this case
and
The reproducing kernel (8) is given by
It has zeros at
provided x − x ∈ Z. The equal-weight quadrature formula with N = 2
] has differences between its points satisfying (11) . This quadrature formula, which is the (shifted) rectangle rule, is of trigonometric degree 2 is not integrated exactly. Note that this result was-with the use of the reproducing kernel-obtained by Mysovskikh [7] , who has also derived the corresponding result for a general nonnegative weight function. In [7] it is proven that in the case of a constant weight function there is no quadrature formula of highest trigonometric degree other than the rectangle rule. Q Given a ∈ R n , let {a} ∈ [0, 1) n denote the vector each of whose components is the fractional part of the corresponding component of a. A cubature formula maintains its trigonometric degree if all points are shifted by a constant vector c, with points that are moved out of the region of integration replaced by the related point inside [0, 1) n , i.e., if each point x (j) is replaced by {x (j) + c}. We shall generally take advantage of this degree of freedom by choosing 0 to be one of the points of our cubature formulae. Definition 2.1. A cubature formula (3) for the integral (1) is shift symmetric if whenever (x
2 )}, with both points having the same weight.
Thus, N is even for a shift symmetric cubature formula, and in a formula of this kind the points can be relabelled so that the formula can be written as
In a similar way we may speak of a set of points in [0, 1) n as being shift symmetric. In any such set we shall assume that the points are labelled as in (12), so that among the first Proof. Using the shift symmetric cubature formula (12) we obtain
|k j | of the same parity as m},
so that, according to Lemma
. In the search for shift symmetric cubature formulae, an important role is played by the
The product of two trigonometric monomials whose degrees have the same parity is of even degree. Moreover, every even-degree monomial of degree ≤ 2m can be written in the form e 2πi(k−k )·x with k, k ∈ Λ m . Remembering that a shift symmetric cubature formula is exact for all odd-degree monomials, we see that a shift symmetric cubature formula has trigonometric degree 2m + 1 if and only if for
The following theorem also holds without the assumption that the cubature formula is shift symmetric. A proof of this is presented by Mysovskikh [8] . This result is also given by Noskov [11] who simply refers to an analogous result for the algebraicdegree case proven by Möller [4] . We prefer to present it here to keep the paper self-contained and because with the shift symmetric assumption the proof becomes very easy.
Theorem 2.4.
A shift symmetric cubature formula (12) for the integral (1) which is of trigonometric degree 2m + 1, m ∈ N, has its number of points N bounded below by
Proof. Since the rows of the
The following theorem appears as a corollary in [1] . 
Then K is a reproducing kernel in the space spanned by the monomials e 2πik·x , k ∈ Λ m . Theorem 2.6. A necessary and sufficient condition for a shift symmetric set of points x (j) , 1 ≤ j ≤ τ (m+1, n), to be the points of an equal-weight cubature formula of trigonometric degree 2m + 1 is
where N = τ (m + 1, n). (14) . Because L is a square matrix, this is equivalent to
which is the necessary and sufficient condition (15) for a shift symmetric cubature formula to be of trigonometric degree d = 2m + 1. 
This has zeros at x − x = j 2(m+1) , j ∈ Z, provided 2(x − x ) ∈ Z, corresponding to the fact that the equal-weight quadrature formula with the N = 2(m + 1) points
is a shift symmetric quadrature formula of degree 2m + 1 = d. (Note that the 1-dimensional formula in Example 2.1 has an odd number of points, and so is not shift symmetric.) The note added at the end of Example 2.1 is also relevant for this case. Q
The lower bound for the number of points in an odd-degree formula from Theorem 2.4 is higher than the lower bound of Theorem 2.1. Based on these theorems, we introduce the following definition: Table 1 gives the minimal number of points for various values of the dimension and the degree.
Definition 2.2. A cubature formula of degree d is called minimal if its number of points N satisfies
A simplifying aspect of the trigonometric case is that the reproducing kernel is a function of one variable:
Low-degree minimal formulae in all dimensions
In this section we collect known results. However, the original proofs of the theorems do not use the reproducing kernel.
From Lemma 2.1 it follows immediately that the cubature formula
is a minimal formula of degree 1, because it is shift symmetric. This cubature formula is mentioned in [9, 10].
Theorem 3.1 ([13]). The cubature formula
is a minimal cubature formula of degree 2. For the formula under investigation the lth component of
Proof. With d = 2 the number of points in a minimal formula is t(n,
and so, for j = j ,
Theorem 3.2 ([12]). The cubature formula
is a shift symmetric minimal cubature formula of degree 3.
Proof. With d = 3, the number of points in a minimal formula is τ (2, n) = 4n. The rule is shift symmetric because for j = 1, 2, . . . , 2n the cubature point corresponding to j + 2n is the cubature point corresponding to j shifted by ± All of the explicit minimal cubature formulae quoted above are lattice rules of rank 1 (see [18, 19] ). That is to say, they can all be written as a single sum of the form
with z ∈ Z n . More generally, any lattice rule having N distinct points may be expressed as
where t ∈ Z, N = N 1 N 2 · · · N t and z m ∈ Z n ; its rank is the minimum possible value of t in such an expression.
Closed forms for the 2D reproducing kernel
In this section we obtain closed-form expressions for the reproducing kernels K and K in two dimensions. Such closed-form expressions provide a useful tool for the discovery and analysis of minimal cubature formulae.
Let A be a nonsingular linear transformation acting on R n . Then we can write (16) as
where the final sum is over the transformed set AΛ d . The summation task can sometimes be simplified by choosing A so as to rotate the coordinate system. In particular, for the 2-dimensional case let A be the linear operation which rotates k by π/4 clockwise and reduces its Euclidean magnitude by a factor
. Thus,
This is illustrated in Figure 1 for the case d = 10 or d = 11. The left-hand diagram shows the original summation region with respect to k, while the righthand diagram shows the summation region with respect to κ = Ak.
Let κ = (κ 1 , κ 2 ) T . The sum in (20) can be expressed as the aggregate of separate sums over integer-and half-integer lattices: 
,
Hence,
where g(z) = cos(π(2 d 2 + 1)z) cos(πz). From (19) and (21) we know that
During the calculation of K(x) we already obtained an expression for K(x). Indeed, for d = 2m + 1
We will also use (22) and (23) for x 1 ± x 2 = 0: the limit of the right-hand side of these expressions is well defined. Note that in the context of summability of multivariate Fourier series, the expression (16) is called a Dirichlet kernel. An expression equivalent to (22) was obtained by Herriot [3] .
The 2D even-degree case
For n = 2 and even degrees d = 2m, m ∈ N 0 = N − {0}, the lower bound from Theorem 2.1 becomes
Known minimal formulae are the Fibonacci lattices with 5 and 13 points:
has degree 2 and N = 5, has degree 4 and N = 13. Note that the above formula of degree 2 is geometrically equivalent to the one presented in Theorem 3.1 with n set equal to 2.
The formulae given above are the only minimal formulae of even trigonometric degree among the Fibonacci lattice rules [1] . However, they belong also to another class of formulae discovered by Noskov Proof. The number of points N is equal to the minimum number of points for cubature formulae of even trigonometric degree d. According to Theorem 2.3 it is then sufficient to check whether the difference between every pair of different points of the cubature formula is a zero of (22). Now for j = j and l = j − j
) is always different from 0 when j = j , by the following argument. The factor sin πld N vanishes only if ld = sN for some s ∈ Z. Since d is even and N is odd, s must be even. Putting s = 2m, the condition becomes
As l is an integer, we see that is the minimal number of points for a cubature formula of degree 2m + 1. The set of points is shift symmetric, since, if j is replaced by j ± (m + 1), then the point is shifted by Condition (26) is not sufficient because the denominator of (24) can also be zero. Now the denominator vanishes if and only if ∆y = l ± ∆x, l ∈ Z. If ∆y = l ± ∆x, then (25) gives a necessary and sufficient condition:
Now from (27), ∆y − ∆x ∈ Z only if ∆p = 0 (since |∆p| < m + 1), which, if the points are distinct, implies ∆j = 0. In this situation, ∆x = ∆j 2(m+1) satisfies (28), since 0 < |∆j| < m + 1. On the other hand, ∆y + ∆x = 2∆C p + ∆j + ∆p m + 1 , which can be an integer only if 2(m+1)∆C p ∈ Z, implying in turn 2(m+1)∆x ∈ Z, so that ∆x satisfies (28) so long as 2∆x ∈ Z. But if 2∆x ∈ Z and ∆y + ∆x ∈ Z, then ∆y − ∆x ∈ Z, which is the case already considered above.
Remark. Again, the theorem can also be proved by direct application of the cubature formula to the trigonometric monomials of degree ≤ 2k + 1.
Second proof of Theorem 6.1. Using f αβ (x, y) = e 2πi(αx+βy) , we consider C 1 , C 2 considered above, and illustrated in the figures, do indeed give lattice rules, but most other choices of C 1 , C 2 clearly will not yield lattice rules. For example, a necessary condition that the rule in Theorem 6.1 be a lattice rule is (see [18, 19] ) 2(m + 1)
2 C p ∈ Z for p = 1, 2 . . . , m. Q
Conclusion
In this paper we exploited the reproducing kernel to construct minimal cubature formulae of trigonometric degree 1,2 and 3 for arbitrary dimensions, as well as minimal cubature formulae of arbitrary degree for 1 and 2-dimensional integrals. The results for odd-degree formulae for two dimensions are new. We also obtained closed-form expressions for the reproducing kernels for one-and two-dimensional minimal cubature formulae.
We know of only one additional minimal cubature formula. Noskov [12] constructed a cubature formula of degree 5 for three dimensions with 38 knots:
His formula is geometrically equivalent with the one constructed by Frolov [2] , published with some typographical errors.
